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Abstract

A notion of (continuous) reducibility of representations of topological
spaces is introduced and basic properties of this notion arestudied for domain
representations.

A representation reduces to another if its representing mapfactors through
the other representation. Reductions form a pre-order on representations. A
spectrum is a class of representations divided by the equivalence relation
induced by reductions. Representations belonging to the top element of a
spectrum are said to be universal and these representationsare the ones most
closely capturing the structure of the represented space. Notion of admissi-
bility considered both for domains and within Weihrauch’s TTE are shown
to be universality concepts in the appropriate spectra.

To illustrate the framework, some domain representations of real numbers
are considered and it is shown that the usual interval domainrepresentation,
which is universal among dense representations, does not reduce to a binary
expansion domain representation. However, a substructureof the interval
domain more suitable for efficient computation of operations is on the other
hand shown to be equivalent to the usual interval domain withrespect to
reducibility.

1 Introduction

A standard method of computing on a setX of data is to make a representationR
of the data and to compute onR. Such methods have been called concrete com-
putability theories [30, 31]. The question arises immediately; to what extent does
computability onX depend on thechoiceof R? For any concrete computability
there is the problem of clarifying the applicability of representations for different
tasks.

One approach to resolve the above problem is to look at the intrinsic prop-
erties of representations as was done in, e.g., [6]. As an alternative approach,
we present here a framework for relating representations toeach other, thereby
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studying there relative merits. This is done by studyingreductions(or transla-
tions) between representations. This is parallel to the use of reductions fornum-
berings(used in Computable Algebra). Reductions between numberings (when a
numbering factors through another) is one of the basic toolsin studying number-
ings [15, 16, 17, 20, 27, 28]. We generalise reducibility to avery general class of
representations of topological spaces and study basic properties of reducibility, in
particular for domain representations.

Our aim is to study computability on uncountable structures(usually topolog-
ical spaces). A simple numbering is not possible of an uncountable structure. We
therefore have to rely on computations on some numbered set of approximations.
For example, real number computations can be performed using the countable set
of rational intervals as approximations. A general method of giving computability
theory to a large class of topological spaces is to usedomain representations.

Representations of topological spaces by domains or embeddings of topolog-
ical spaces into domains have been studied by several people[2, 3, 4, 10, 11, 12,
13, 14, 18, 21, 24, 26, 27, 32, 35]. Domain representations are also closely related
to Type-2 Theory of Effectivity (TTE) [29, 33, 34] introduced by Weihrauch.

Any T0 space can be given domain representations [6]. Some of thesehave nice
properties such as density and an embedding property. Theseproperties facilitate
lifting of functions to the domain representations, thereby opening up for a study
of topological algebras.

Our reducibility notion introduces a pre-order on domain representations and
thereby an equivalence relation. Aspectrumis a class of representations divided
by the equivalence relation. We give examples showing that the structure of the
spectrum of all representations is in general non-trivial.

Some intrinsic properties of domain representations interact with our theory of
reductions, so, for example, the representations that havethe embedding property
are known asretract representations and these are invariant under reductions.

The importance of density in domain representations has an information the-
oretic explanation in that non-dense representations contain non-consistent infor-
mation or “garbage”. When restricting our attention to dense representations, there
is a top element in the spectrum of all dense domain representations, namely the
equivalence class of dense retract representations.

If there exists a top element in a spectrum then we call a representation belong-
ing to it universalas all other representations in that spectrum will reduce toit. We
show that notions of admissibility as studied by, for example, Schröder [23] and
Hamrin [18], are in fact notions of universality in the appropriate spectrum. Uni-
versal representations capture the structure of the represented space closest among
the class of representations considered.

To illustrate the framework, we conclude by studying some representations of
real numbers. The usual interval domain representation of the reals is known to be
universal among countably based dense representations (ω-admissible). We show
that a particular substructure of the interval domain, where operations on exact
reals can be more efficiently computed, is continuously equivalent to the interval
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domain (although it is a bifinite domain rather than a Scott–Eršov domain), and
hence that it can be used interchangeably. Finally, we show that a representation
corresponding to binary expansions is not a universal representation of the reals.
This is highlighted by the example showing that addition is not a computable op-
eration on the binary expansions of reals.

I thank John V. Tucker, Viggo Stoltenberg-Hansen and Fredrik Dahlgren for
many invaluable discussions on this paper.

2 Preliminaries

2.1 Domains

We will briefly give some background to domain theory. For a fuller background
on domains we refer to [1, 25].

Let D = (D,⊑) be a partially ordered set. A subsetA ⊆ D is anupper set
if x ∈ A andx ⊑ y impliesy ∈ A. Let ↑A = {y ∈ D : ∃x ∈ A(x ⊑ y)}. We
will abbreviate↑{x} by ↑x. A subsetA ⊆ D is directedif A 6= ∅ and whenever
x, y ∈ A then there isz ∈ A such thatx ⊑ z andy ⊑ z. The supremum, or least
upper bound, ofA (if it exists) is denoted by

⊔

A.
A complete partial order, abbreviatedcpo, is a partial order,D = (D;⊑,⊥),

such that⊥ is the least element inD and any directed setA ⊆ D has a supremum,
⊔

A. This is also known as a pointeddcpoin the literature.
Let D be a cpo. An elementx is way belowy, denotedx << y, if for each

directedA ⊆ D,
y ⊑

⊔

A =⇒ (∃z ∈ A)(x ⊑ z) .

An elementa ∈ D is compactif a << a. The set of compact elements ofD is
denoted byDc.

A subsetB of a cpoD is abasisfor D if for every x ∈ D the set↓↓x ∩ B is
directed and has supremumx. A cpoD is acontinuous cpoif it has a basis, and an
algebraic cpoif Dc is a basis forD.

A cpo D is consistently completeif
⊔

A exists inD wheneverA ⊆ D is a
consistent set, i.e., has an upper bound.

Definition 2.1. A Scott–Eršov domain, or simplydomain, is a consistently com-
plete algebraic cpo.

The topology normally used on domains is called the Scott topology. LetD be
an algebraic cpo. A subsetU of D is open if

1. U is an upper set, and

2. x ∈ U implies that there existsa ∈ approx(x) such thata ∈ U .

An easy observation is that the Scott topology on a domain isT0. However the
Scott topology fails to beT1 on all domains except the trivial domain consisting of
a single element.
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The sets↑a, for a ∈ Dc, constitute a base for the Scott topology on a domain
D.

Let D andE be domains. A functionf : D → E is Scott continuous iff is
monotone and

f(
⊔

A) =
⊔

f [A],

for any directedA ⊆ D. The notion of Scott continuity coincides with the notion
of continuity induced from the Scott topology on the domains.

Any continuous function between domains is determined by its values on the
compact elements.

Let D be an algebraic cpo,E a cpo, and letf : Dc → E be a monotone
function. Then there exists a unique continuous functiong : D → E of f such that
f = g|Dc

.
Domains are often constructed as the completion of some underlying struc-

ture. We present here the type of structure from which Scott–Eršov domains are
constructed.

The compact elementsDc of a Scott–Eršov domainD form a conditional upper
semilattice with least element, abbreviatedcusl. That is, a cusl is a partially ordered
set where a least upper bound exists for every pair of elements that have an upper
bound.

An ideal is a directed lower set. The ideal completion over a cuslP is the
set of all ideals overP , denotedIdl(P ). When ordered by set inclusion the ideal
completion of a cusl forms a Scott–Eršov domain. Fora in a cuslP , ↓a is an
ideal, theprincipal idealgenerated bya. The compact elements ofIdl(P ) are the
principal ideals↓a, for a ∈ P .

The representation theorem for Scott–Eršov domains tellsus that any Scott–
Eršov domain is the ideal completion of a cusl.

Theorem 2.2. LetD be a Scott–Eršov domain. ThenIdl(Dc) ∼= D.

We clearly have the following equivalence, forI ∈ Idl(P )

↓a ⊆ I ⇐⇒ a ∈ I.

Thus the setsBa = {I ∈ Idl(P ) : a ∈ I} for a ∈ P form a base for the Scott
topology onIdl(P ).

2.2 Representations

We give some background on representations of spaces. We give a more general
setting than the domain representations considered in [6],but we still aim for rep-
resentations using some type of domain. The terminology is adjusted to cope with
a more general framework.

Definition 2.3. (i) A weak representationof a topological spaceX is a triple
(D,DR, ρ), whereD is a topological space,DR ⊆ D with the subspace
topology, andρ : DR → X is continuous and onto.
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(ii) A quotient representationis a weak representation whereρ is a quotient map.

The word representation will be used without qualification to mean a weak
representation.

In [6] this notion of representation is studied whereD is required to be a do-
main. We will always have domain representations in mind, but define the notion
as general as possible.

When needed, we writecontinuous cpo representation, domain representation,
etc., to specify the kind of space thatD is. We will primarily focus on Scott–
Eršov domains and algebraic cpos, since by Proposition 2.8any continuous cpo
representation can be used to construct an algebraic cpo representation without
losing any property considered herein.

The introduced notion of representations above covers allnaming systemsused
in TTE, i.e., bothnotationsandrepresentations. In fact, all TTE naming systems
can be constructed as Scott–Eršov domain representationsusing simple and spe-
cific domains.

The setDR above will be called the set ofrepresenting elements. For a domain-
like structureD the setDR is also known as atotality onD. If D is a domain then
the ordering of the domain can be interpreted as an information ordering. With
this interpretation the domain contains both proper approximations and total or
complete representations of elements ofX, the latter constituting the setDR. In-
tuitively, DR consists of those domain elements that contain sufficient information
to completely determine an element inX via ρ.

Beyond the type of spaceD used in a representation, we make use of the fol-
lowing important characteristics of representations.

Definition 2.4. (i) A representation(D,DR, ρ) is denseif DR is dense inD.

(ii) A retract representationof X is a quadruple(D,DR, ρ, η) where(D,DR, ρ)
is a representation, andη : X → DR is a continuous function such that
ρη = idX .

For a retract representation(D,DR, ρ, η) we have thatρ is a quotient, and that
ηρ is a retraction onDR. In fact,X will be homeomorphic to the retract ofDR. In
a retract representation a canonical representative can befound continuously from
any representation of an element ofX.

Definition 2.5. Let (D,DR, ρD) and(E,ER, ρE) be representations ofX andY
respectively. A continuous functionf : X → Y is representedby a continuous
function f̄ : D → E if ρE f̄(x) = fρD(x), for all x ∈ DR (in particular,f̄ [DR] ⊆
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ER).

X Y

DR ER

D E

ρD

ι

ρE

ι

f̄

f̄

f

The functions between the subsets of representing elementsare restrictions of
functions. To avoid clumsy explicit restriction notation,as inf̄ |DR : DR → ER,
we write f̄ : DR → ER and trust the reader to understand this as the restriction to
the indicated domain of the function.

Let (D,DR, ρD) and(E,ER, ρE) be representations ofX andY respectively,
and letf̄ : D → E be continuous such that̄f [DR] ⊆ ER. If f̄ respects the equiv-
alence relations induced byρD andρE, thenf̄ represents a well-defined function
f : X → Y . Furthermore, ifρD is a quotient map, thenf is continuous, since then
the topology ofX is fine enough.

For a topological spaceX we define the following classes of representations of
X.

Definition 2.6. For a topological spaceX letRep(X) denote the class of all repre-
sentations ofX, and letDRep(X) denote the class of all domain representations
(D,DR, ρ)of X where the totalityDR does not contain⊥.

The reason to disallow domain representation where⊥ is a representing el-
ement is admittedly technical but is needed for the proof of Lemma 3.19. Note
that⊥ cannot belong to the totality if every point of the spaceX has a non-trivial
neighbourhood base, which is the case for allT1 spaces with at least two points.
Also note that if(D,DR, ρ) is a domain representation ofX, then so is the lifting
(D⊥,DR, ρ), and in the latter⊥D⊥ does not belong to the totality.

We also consider subclasses of these classes of representations. In particular,
subclasses of dense representations and subclasses of representations of bounded
size.

Definition 2.7. Let R(X) be a class of representations ofX.

1. RD(X) is the subclass ofR(X) containing all dense representations.

2. Fix κ to be an infinite cardinal, thenRκ(X) is the subclass ofR(X) con-
taining all representations where the topological spaceD has a base with
cardinality bounded byκ.

For domain representations the above definition of representations of bounded
size can be rephrased as a bound on the set of compact elements. For example,
DRepκ(X) is the class of allκ-based domain representations, i.e., representations
where the cardinality of the compact elements of the domain is bounded byκ.
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The most interesting class of domain representations with bounded cardinality
is, of course, the class of countably based domain representations, i.e.,DRepω(X),
since these are the ones to which effectivity can be applied.

We repeat some of the results from [6]. The following proposition sums up
the results in Section 4 of [6] and shows why we may restrict our attention to
representations from algebraic cpos.

Proposition 2.8. Let (D,DR, ρE) be a continuous cpo representation ofX. Then
there is a canonical algebraic cpo representation(E,ER, ρE) retaining the prop-
erties of quotient, retract, and density if present in the original representation.

For full proofs of the following theorems, see Theorems 5.4,5.6, and 9.3 of [6]
respectively.

Theorem 2.9. AnyT0 space has a dense retract domain representation.

Proof. We give here briefly the construction. LetB be a base of the topology for a
T0 spaceX. Let B′ be the non-empty sets ofB together with the setX. Ordering
B′ by reverse inclusion gives a cusl, and the ideal completion of this cusl is a
domainD. The functionη : X → D given byη(x) = {U ∈ B′ : x ∈ U} is an
embedding.

It remains to be shown that(D, η[X], η−1 , η) is a dense retract domain repre-
sentation ofX.

Remark 2.10. By allowing B′ in the above construction to contain the empty set
the domain representation will have a compact top element but will otherwise be
identical. Constructing the domain representation ofX as above we get a non-
dense (since the top element is not inη[X]) retract domain representation of the
spaceX.

Theorem 2.11.A space with a retract cpo representation is aT0 space.

Theorem 2.12. Let (D,DR, ρD) be a dense domain representation ofX, and let
(E,ER, ρE , ηE) be a retract domain representation ofY . Then every continuous
functionf : X → Y is represented by some continuous functionf̄ : D → E.

Proof. The construction of̄f is done in two steps. First, letf ′ = ηEfρD. The
functionf ′ : DR → E is a continuous function representingf .

Secondly, the functionf ′ is extended to a function̄f :Dc → E by f̄(a) =
⊓f ′[↑a∩DR]. The infimum is well-defined since↑a∩DR is non-empty by density
of DR, and non-empty infima exist in consistently complete cpos. Clearly, f̄ is
monotone, and hence, it has a unique extension toD.

It remains to be shown that̄f is an extension off ′, i.e., thatf̄(d) = f ′(d) for
d ∈ DR.

Remark 2.13. Density is needed in order to give a well-defined infimum in thesec-
ond step of the construction of the lifting. The same purposecan also be achieved

7



if E has a top element, since we may define the infimum of the empty set to be the
top element ofE. Hence, the above result could be stated for arbitraryD and a
retract representationE with a top element.

Other lifting results where density ofD is not required can be found in [7, 19,
22]

2.3 Partial Domain Functions

We will use the notion of continuous partial domain functions introduced by Dahlgren [9].

Definition 2.14. Let D andE be domains. Acontinuous partial functionfrom D
to E is a pair(S, f) whereS ⊆ D is a non-empty closed subset ofD, andf is a
strict continuous function fromS to E.

Note that a total domain function is not necessarily a partial domain function.
In fact, only strict total functions are partial functions.The strictness of partial
functions is required to make composition always defined. (Allowing totally un-
defined partial functions would solve composition but entails that the category of
domains with partial functions does not have a terminal object. The empty domain
might be added as the terminal object of the category but thatwould make the
definition of products hard.)

The closed setS is downwards closed and must therefore contain⊥. The
closed set that is of principal interest to us is the closure of the totality of a domain
representation, that is, the closed subsetS containing the totality of the domain and
such that the totality is dense inS.

Recall that a common interpretation of the ordering relation of a domain repre-
sentation is that it corresponds to information. High up in the domain means much
information about an object of the space. So a non-dense representation can be
viewed as a representation that contains non-consistent information or “garbage”.
In practise it is sometimes desirable to cut away this non-consistent information,
i.e., to restrict to a substructure (see, for example, Lemma2.28 in [5]).

This restriction can be done in general for domain representations by taking the
ideal completion over all approximations of representing elements. Formally, for a
domain representation(D,DR, ρ) of X let

DD
c = {a ∈ Dc : ↑a ∩ DR 6= ∅}

and
DD = {

⊔

A : A ⊆ DD
c is directed} .

Clearly, DD is a closed subset ofD. OrderingDD by the order ofD makeDD

into a domain. The setDD containsDR. Thus,(DD,DR, ρ) is a dense domain
representation ofX, which we will refer to as thedense partof D.

Proposition 2.15. Let D be a domain representation inDRep(X), andE a re-
tract domain representation ofY . Then any functionf : X → Y is representable
by a continuous partial domain function̄f : D ⇀ E, wheref̄ is defined onDD.
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Proof. By Theorem 2.12 there exists a continuous functionsf ′ : DD → E. Con-
struct a strict function̄f by

f̄(c) =

{

⊥, if c = ⊥;
f ′(c), otherwise .

As⊥ /∈ DR we have that̄f(x) = f ′(x) for all x ∈ DR.

3 Reducibility

In order to study representations and their applicability to various tasks we give
here a notion of reduction between representations of a fixedspace. For represen-
tationsD andE of a spaceX we have thatD reduces toE if the representation
function of D factors through the representation function ofE, i.e., if there is a
functionφ : D → E such that the following diagram commutes.

X

DR ER

D E

ρD

ι

ρE

ι

φ

φ

Another way of interpreting the above diagram is that the identity on X is repre-
sentable, see Lemma 3.4.

We now give our formal definitions of reducibility between representations.

Definition 3.1. Let (D,DR, ρD) and(E,ER, ρE) be representations of a topolog-
ical spaceX, and letφ : D → E satisfyφ[DR] ⊆ ER andρD(d) = ρEφ(d).

(i) φ is acontinuous reductionof D to E, writtenD ≤c E, if φ is continuous.

(ii) φ is a continuous partial reductionof D to E, written D ≤cp E, if φ is a
partial continuous function such thatDR ⊆ dom φ.

We have suffixed the relation with ac for continuousas we intend to consider
effective reductions in the future.

Our definition of continuous partial reductions is not always unique as there
may be more than one relevant notion of partiality dependingon the kind of the
spacesD andE. In particular, ifD andE are domains we assume that the notion
of partiality is the one considered above.

Definition 3.2. The representations(D,DR, ρD) and (E,ER, ρE) are (continu-
ously) equivalent, D ≡c E, if D ≤c E andE ≤c D. Similarly for≡cp.
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Lemma 3.3. The relations≤c and≤cp are pre-orders. The relations≡c and≡cp

are equivalence relations.

Proof. The reduction relations are reflexive since the identity is acontinuous func-
tion reducing a representation to itself. Transitivity follows by composition.

That reduction equivalences are equivalence relations follows from the defini-
tion by them in terms of the pre-orders.

Lemma 3.4. For representationsD andE of X and for any of the above notions
of reduction we have thatD reduces toE if, and only if, the identity function onX
is represented by some function of the appropriate type fromD to E.

Proof. Any reduction function represents the identity function onX, and the iden-
tity is continuous on any topological spaceX. Any function representing the iden-
tity on X is a reduction function.

Since reductions introduce a pre-order,≤, and an equivalence relation,≡, on
a class of representations the natural objects to study are equivalence classes of
representations. These will have a well-defined partial order induced by the pre-
order. We call this structure the spectrum over a space.

Definition 3.5. A spectrumover a topological spaceX, writtenSpec(X,D,≤), is
the quotientD/≡ ordered by≤, whereD is a class of representations of the space
X and≤ is some pre-order onD.

Spectrums are built in the same way asdegree structuresare built in Com-
putability Theory.

Definition 3.6. Given a reduction relation≤ we say that a domain representation
D is universal in a classD of representations with respect to≤ if every E ∈ D
reduces toD, i.e., if E ≤ D for all E ∈ D.

Thus,D is universal in a class of representations ifD belongs to the largest
equivalence class of the spectrum if such a class exists.

3.1 Category of representations

This section will give an alternative view of our investigation which the reader may
skip if so inclined. However, we will refer to concepts herein occasionally.

Construct a categoryRep of representations by letting the objects be tuples
(D,DR, ρ,X), where(D,DR, ρ) is a representation of some spaceX. The arrows
are functions between representations respecting the equivalence relation induced
by the representing functions. Two arrows are equal if they represent the same
function on the represented spaces.

The identity arrow on(D,DR, ρ,X) is the identity onD. Composition of
arrows is composition of functions. Thus, we have a category.
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We may consider subcategories of the categoryRep, for example, domain
representationsDRep, dense domain representationsDRepD, countably based
domain representationsDRepω, etc.

We may of course also consider the category of representations with arrows
being continuous partial functions, e.g., domain representations with continuous
partial domain functions as arrows,pDRep.

The properties of reductions of representations for some topological spaceX
can be studied as the subcategoryRep(X) of representations ofX where the
arrows are functions representing the identity onX, i.e., exactly the reductions.
Likewise for domain representations, etc.

As examples of the categorical interpretation of our notions we give the fol-
lowing lemmas, whereD is assumed to be a category of representations of a space
X with arrows being reductions between representations.

As reductions represent the identity onX we have that any arrows between two
representations are in fact equal. So if there is an arrowf : D → E in the category
D it is necessarily unique.

First we show that a spectrum as introduced above is a category, where repre-
sentations belonging to the same equivalence class in the spectrum will be isomor-
phic in the categorical sense.

Lemma 3.7. Representations ofD that are equivalent with respect to reductions
are isomorphic.

Proof. If D andE are equivalent, then there exist reductions in both directions,
that is there are arrowsf : D → E andg : E → D and as noted above these are
necessarily unique. The compositiong ◦ f : D → D is an arrow andg ◦ f = 1D

by uniqueness of1D. Likewise,f ◦ g = 1E .

Lemma 3.8. A representation(D,DR, ρ) inD is universal if, and only if,(D,DR, ρ,X)
is a terminal object in the categoryD.

Proof. For a universal representationD ∈ D we have a reduction from any other
representationE to D by definition, i.e., an arrow fromE to D which is again
unique as noted above. Thus, there is a unique arrow from any object of the cate-
gory toD showing thatD is a terminal object.

Conversely, as arrows are reductions we have that any terminal object of the
categoryD is necessarily universal inD.

We will see in Section 3.3 thatDRep(X) andDRepD(X) has terminal ob-
jects. In fact, there are also initial objects in these categories, namely the flat do-
main representation(X⊥,X, id). So, an initial representation represents the space
simply as a discrete set, whereas a terminal representationrepresents as much of
the structure of the space as possible within the particularclass of representations.

11



3.2 Continuous Reductions

We give some basic results for continuous (total) reductions of domain representa-
tions, that is, let us studySpec(X,DRep(X),≤c).

Theorem 3.9. Let D be a dense domain representation ofX, andE be a retract
domain representation ofX. ThenD continuously reduces toE.

Proof. By Theorem 2.12 the identity function can be lifted to a continuous domain
function. By Lemma 3.4D reduces toE.

We note that all dense retract representations belong to thesame equivalence
class.

Corollary 3.10. Dense retract domain representations are unique up to≡c.

Proof. Immediate.

The equivalence class of dense retract domain representations is central be-
cause any continuous function is representable if the spaces have dense retract do-
main representations by Theorem 2.12, and because dense retract domain represen-
tations exist for allT0 spaces by Theorem 2.9. However, note that the equivalence
class of dense retract representations also contains non-dense retract representa-
tions.

The following lemma shows that the property of retract is invariant under re-
ductions.

Theorem 3.11.LetD ≤c E be representations ofX. If D is a retract representa-
tion, then so isE.

Proof. Let (D,DR, ρD, ηD), and(E,ER, ρE) be the representations. By reducibil-
ity there exists a continuousφ : D → E such thatρD = ρE φ.

D E

DR ER

X

ρD

ρE

ι ι

φ

φ

ηD

ηE

Let ηE = φηD, then

ρE ηE = ρE φηD = ρD ηD = idX

showing that(E,ER, ρE , ηE) is a retract representation.
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Theorems 3.9 and 3.11 show that the spectrumSpec(X,DRep(X),≤c) can
roughly be drawn as follows, although equivalence classes of dense representations
do contain non-dense representations.

retract
representations

dense
representations

The following examples show that the spectrumSpec(X,D(X),≤c) in gen-
eral is non-trivial. The first example shows that for non-discrete spaces there exist
domain representations that are not retracts and hence strictly below the equiva-
lence class containing dense retract representations.

Example 3.12. Let X be a non-discrete space. Clearly the flat domainX⊥ gives
a dense domain representation(X⊥,X, id) of X. The only possible embedding
ι : X → X⊥ is not continuous since there exists a subsetA ⊆ X that is not open
in X whereasA is open inX⊥.

The interested reader can (given a suitable choice principle) show that if the
spaceX is discrete than any domain representation ofX is a retract.

The following example shows that there exists non-dense retract representa-
tions that cannot be continuously reduced to any dense retract representation; and
hence strictly above the equivalence class containing dense retract representations.

Example 3.13. Let X be aT0 space containing at least two points separable by
open sets. By Theorem 2.9 there exists a dense retract domainrepresentation
(D, η[X], ρ, η) of X, and by Remark 2.10 there also exists a non-dense retract
domain representation(D⊤, η[X], ρ, η) with a compact top element.

The embeddingι : D → D⊤ is a continuous reduction ofD to D⊤.
That X contains two points separable by open sets implies that the domain

D contains non-consistent compact elements. Hence, a continuous and therefore
monotone function cannot reduceD⊤ to D. Thus,D <c D⊤.

The above two examples can be summarised by saying that unless the topology
of the spaceX is extremely fine or extremely coarse there exist representations
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strictly below and strictly above, respectively, the equivalence class of dense retract
representations.

The following example show that the equivalence class of anydense represen-
tations also contain non-dense representations.

Example 3.14. Let (D,DR, ρ) be a dense representation ofX. Construct a new
domain representation by taking the disjoint sum ofD and the trivial domain{⊥}
consisting of only the bottom element, i.e.,(D ⊕ {⊥},DR, ρ). Clearly, this repre-
sentation is non-dense.

The embedding ofD into the disjoint sum is a continuous reduction. Con-
versely, the projection of the disjoint sum ontoD (mapping all of the right-hand
domain to bottom inD) is a continuous reduction of the disjoint sum toD. Hence
D ≡c D ⊕ {⊥}.

3.3 Universal and Retract Representations

Since the retract property is closed upwards in a spectrum itis a notion of being
large in the spectrum, but clearly, so is also the notion of universality. We compare
these two notions.

Theorem 3.15. Consider the spectrumSpec(X,D,≤c), whereD is a class of
domain representations. If there exists a retract representation inD then any uni-
versal representation is a retract representation.

Proof. Let D ∈ D be a retract representation and letE ∈ D be a universal rep-
resentation. By universalityD ≤c E so by Lemma 3.11E is a retract representa-
tion.

There exist universal representations inDRep(X) when X is a T0 space.
These representation have a compact top element that is not total. The top element
could be interpreted as explicit inconsistent information.

Proposition 3.16.AnyT0 spaceX has a universal domain representation(D⊤,DR, ρ)
in DRep(X) with respect to≤c.

Proof. Construct the domain representation(D⊤,DR, ρ) as indicated in Remark 2.10.
Reductions from any domain representationE of X can now be constructed as in-
dicated in Remark 2.13.

It is awkward to have a top element in a domain representationas very few
functions have representations by continuoustotal domain functions. Restricting
the representations to be dense, there still are universal representations and these
include the dense retract representations.

Theorem 3.17.LetX be aT0 space. There exists a universal representation ofX
in DRepD(X) with respect to≤c; and a representation is universal if, and only
if, it is a retract.
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Proof. By Theorem 2.9 there exists a dense retract domain representationD of the
space and by Theorem 3.9 any dense representation reduces toD, soD is universal,
and by Corollary 3.10 any dense retract is universal.

The converse is Theorem 3.15.

3.4 Partial Reductions

We now turn our attention toSpec(X,DRep(X),≤cp). The first result is that any
domain representation is continuously partially equivalent to its dense part.

Proposition 3.18. A domain representation(D,DR, ρD) of X is equivalent to its
dense part(DD,DR, ρD) with respect to≡cp.

Proof. The partial mapid : D ⇀ DD defined on the closed setDD is a partial
domain functions reducingD to DD. The embeddingι : DD → D is a partial
continuous reduction ofDD toD (that happens to be total). HenceD ≡cp DD.

The proposition implies that any element of the spectrumSpec(X,D(X),≤cp)
will contain a dense representation. This simplifies the structure of the spectrum as
there will be fewer equivalence classes in general.

Lemma 3.19. LetD andE be domain representations inDRep(X). ThenD ≤c

E impliesD ≤cp E.

Proof. The bottom element⊥ does not belong to the totality ofD. A total reduc-
tion functionf : D → E can therefore be made into a continuous strict domain
function (i.e., an everywhere defined continuous partial domain function) simply
by changing its value at⊥ if necessary.

Theorem 3.20. Any retract domain representationD of X in DRep(X) is uni-
versal inDRep(X) with respect to≤cp.

Proof. Let E be an arbitrary domain representation ofX. By Proposition 2.15
the identity function onX can be lifted to a continuous partial domain function
φ : E ⇀ D defined onED. By Lemma 3.4E ≤cp D.

We note that all retract representations belong to the same equivalence class.

Corollary 3.21. Retract domain representations are unique up to≡cp.

Proof. Immediate.

Theorem 3.22. Let X be aT0 space. A representationD of X is universal in
pDRep(X) if, and only if, it is a retract representation.

Proof. By Theorem 3.20 a retract representation is universal. For the other di-
rection assume thatD is universal. By Theorem 2.9 there exists a dense retract
representationE and by universalityE ≤cp D. But sinceE is dense the reduction
is in fact a (total) continuous reduction. Hence, by Lemma 3.11, D is a retract
representation.
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Theorem 3.23.LetX be aT0 space.

(i) A dense representationD is universal inDRep(X)D if, and only if,D is
universal inpDRep(X).

(ii) If D is universal inDRep(X) thenDD is universal inpDRep(X)D.

Proof. (i): By Theorem 3.17, the dense representationD is universal inDRep(X)
if, and only if,D is a retract; and by Theorem 3.22,D is a retract if, and only if,D
is universal inpDRep(X).

(ii): Again by Theorem 3.22,D is a retract, soDD is a dense retract and hence
universal inpDRep(X)D.

4 Cantor–Weihrauch Domain Representations

4.1 Cantor Domain Representations

Let Σ be analphabet, i.e., a finite set of symbols containing at least two symbols.
The Kleene star is an operator giving the set of all finite sequences over a set,
so Σ∗ is the space of all finite sequences overΣ. Let Σω denote the set of all
countably infinite sequences overΣ. Concatenation of sequences are denoted by
juxtaposition.

Cantor spaceis the setΣω with a base for the topology given by the sets

{pσ : p ∈ Σ∗, σ ∈ Σω} .

Note that the constructed Cantor space does not depend upon the choice of the
alphabetΣ, i.e., even though the alphabets may differ, the Cantor spaces are home-
omorphic.

We will now build a domain representation of Cantor space. The Cantor do-
main, denotedC is the setΣ∗ ∪Σω with the prefix ordering. It is easy to check that
the Cantor domain is an algebraic cpo withΣ∗ as its set of compact elements. Two
elements of the Cantor domain are consistent only if one is a prefix of the other,
so it is clearly consistently complete. There exists a numbering of Σ∗ making the
Cantor domain into an effective domain.

Cantor space is embedded densely into the Cantor domain as its non-compact
elements, so we have the following result.

Proposition 4.1. The Cantor domain is an effective dense retract domain repre-
sentation of Cantor space.

Definition 4.2. A Cantor domain representationof a spaceX is a domain repre-
sentation(C, CR, ρ) where the domain is the Cantor domain.

Cantor domain representations exist for many spaces where,obviously, the
cardinality of the space cannot exceed that of the continuum. For a spaceX let
CRep(X) denote the set of Cantor domain representations ofX. Clearly,

CRep(X) ⊆ DRepω(X) ⊆ DRep(X) .
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Cantor domain representations are not retract representations unless the space
is zero-dimensional, i.e., have a clopen base.

Proposition 4.3. If (C, CR, ρ, η) is a retract representation ofX, thenX must be
zero-dimensional.

Proof. Cantor space is zero-dimensional and so has a clopen basisB. By continuity
of η, {η−1[B] : B ∈ B} is a clopen basis forX. SoX is zero-dimensional.

4.2 TTE representations

In TTE, there are two kinds ofnaming systemsfor a spaceX. A notation is an
onto partial map from the discrete spaceΣ∗ to X, and arepresentation(in TTE
terminology) is an onto partial map fromΣω to X. TTE notations can be modelled
as domain representations using the flat domainΣ∗

⊥
. TTE representations can be

modelled as Cantor domain representations, whereCR is a subset ofΣω. Formally,
we have the following lemmas.

Lemma 4.4. TTE notations are in one-to-one correspondence with domainrepre-
sentations where the domain isΣ∗

⊥
and the totality on the domain does not contain

⊥.

Proof. A TTE notation ofX, i.e., a surjective partial mapν : Σ∗ ⇀ X, gives rise
to a domain representation(Σ∗

⊥
,dom ν, ν) of X.

A domain representation(Σ∗

⊥
,Σ∗

⊥

R, ρ) of X where the totality does not contain
⊥ implies thatρ is a TTE notation sinceΣ∗

⊥

R is a subset ofΣ∗.

Lemma 4.5. Any TTE representation gives rise to a Cantor domain representation.

Proof. A TTE representationδ : Σω ⇀ X of X gives rise to the domain represen-
tation(C, CR, δ), whereCR = dom δ.

In TTE, an arbitrary choice ofCR is not considered, so the notion of Cantor
domain representations is wider than the notion of TTE representations although
not more expressive, as is shown below. However, some spacesare easier to give
Cantor domain representations than TTE representations, e.g., the Cantor domain
itself is trivially represented by itself with the identity, but requires some encoding
to make into a TTE representation.

Theorem 4.6. The class of spaces that have TTE representations coincideswith
the class of spaces that have countably based domain representations.

Proof. Trivially, any space that has a TTE representation has a domain representa-
tion by Lemma 4.5.

For the other direction consider a countably based domain representation(D,DR, ρ)
of a spaceX. We will construct a Cantor domain representation ofD, and in turn
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a Cantor domain representation ofX. Let α : ω → Dc be a numbering ofDc, and
let Σ = 2 = {0, 1}. Define an encoding functionι : N → 2∗ by

ι(n) = 01n0 .

Define alsoγ : C → P(N) by

γ(s) = {n : ι(n) is a substring ofs} ,

that is,γ collects all natural numbersn encoded in the sequences.
Define the representation functionδ : C → Dc by

δ(s) =
⊔

γ(p) ,

wherep is the longest prefix ofs such thatγ(p) is directed. Clearly,δ is a monotone
map, so it has a unique continuous extension toC. LetCR be the sequencess ∈ 2ω

such thatγ(s) is directed. Then(C, CR, δ) is a Cantor domain representation ofD.
By composition we have that(C, δ−1[DR], ρδ) is a Cantor domain representa-

tion of X.

TTE also comes with a notion of reduction between naming systems, these are
continuous partial functions. We will see that these reductions correspond to (total)
continuous reductions in our sense.

Definition 4.7. Let δ : Σω ⇀ X andǫ : Σω ⇀ X be TTE representations ofX.
A function f : Σω ⇀ Σω reducesδ to ǫ if δ(x) = ǫf(x) for all x ∈ dom δ.

Lemma 4.8. If f : Σω ⇀ Σω reducesδ to ǫ thenf ′ : C → C reduces(C,dom δ, δ)
to (C,dom ǫ, ǫ), wheref ′ is defined for compactc by

f ′(c) = ⊓f [↑d ∩ dom δ] ,

whered is the maximal prefix ofc such that↑d ∩ dom δ 6= ∅.

Proof. Note that the construction off ′ is very similar to the second step of the
construction used to lift functions to domain representations. Being restricted to
the Cantor domain we can avoid the need to havedom δ dense inC by carefully
defining the function value for non-consistent approximations to be as small as
possible while makingf ′ monotone.

The monotone functionf ′ has a unique continuous extension to all ofC. We
leave to the reader the straightforward proof thatf ′(x) = f(x) for all x ∈ dom δ.

We leave to the reader to check that reductions between any naming systems
(both notations and representations) corresponds to continuous (total) reductions
in our sense.

The above implies that we can study TTE representations as the spectrum
Spec(X,CRep(X),≤c), which can be identified with a substructure of either
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Spec(X,DRepω(X),≤c) or Spec(X,DRepω(X),≤cp). The spectrum using
continuous reductions can roughly be drawn as follows.

retract

dense

CRep(X)

4.3 Cantor–Weihrauch domain representations

We will now consider a standard construction of Cantor domain representations.
For this section we fix the underlying alphabetΣ of Cantor space and the Cantor
domainC to be2 = {0, 1}.

The following definition is due to Weihrauch except that we use a numbering
of the subbase (from the natural numbers) rather than a notation (from the set of
finite words).

Definition 4.9. An effective topological spaceis a tripleS = (X,σ, α), whereX
is a non-emptyT0 space,σ is a countable subbase forX, andα : ω → σ is a
semicomputable numbering of the topology.

Let S = (X,σ, α) be an effective topological space.
As in the proof of Theorem 4.6 defineι : N → 2∗ andγ : C → P(N) by

ι(n) = 01n0

and
γ(s) = {n : ι(n) is a substring ofs} .

Define a partial functionδS : C → X by

δS(s) = x, if γ(s) = {n : x ∈ α(n)} .

The functionδS above is well-defined since the topology was assumed to beT0.
The objects for whichδS is defined are sequences encoding all atomic properties
of some point via the numberingα of the subbase.

The following notion corresponds to the notion ofstandard representation
in [34].
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Definition 4.10. A Cantor–Weihrauch domain representation (CW domain repre-
sentation)is the Cantor domain representation(C, CR, δS), whereCR = dom δS .

CW domain representations are not dense if the spaceX contains more than
one point.

Proposition 4.11. A CW domain representation is effective.

Proof. The Cantor domain is an effective domain.

4.4 Continuous Reductions

We look here at where CW domain representations belong in thespectrumSpec(X,DRep(X),≤c

) of domain representations under continuous reductions. Infact, CW domain rep-
resentations are below a naturally constructed dense retract domain representation.
In general retract representation does not reduce to CW domain representations by
Proposition 4.3.

Let S = (X,σ, α) be an effective topological space, and let

P = {X} ∪
{

⋂

A : A ∈ Pf(σ),
⋂

A 6= ∅
}

.

Thus,P is a base for the topologyτ on X. Ordered by reverse inclusionP is a
neighbourhood system, and by Theorem 5.4 of [6] the ideal completion over this
neighbourhood system is a dense retract representation(D, η[X], η−1) of X.

Proposition 4.12. The representation(C, CR, δS) is reducible to(D, η[X], η−1).

Proof. Let c ∈ Cc, that is,c is a finite sequence over2. Defineφ : Cc → D by

φ(c) =
⋂

{α(n) : ι(n) is a substring ofp} ,

wherep is the longest prefix ofc for which the intersection is non-empty. The
monotone functionφ can uniquely be extended to a continuous functionφ : C →
D.

If s ∈ CR andδS(s) = x, thenφ(s) is the supremum of basic open sets all
of which containx, soφ(s) ⊑ Ix = {A ∈ P : x ∈ A}. Any basic open setU
containingx is the intersection of a finite set of subbasic open sets and any such
finite set of subbasic open sets are encoded intos so U ⊑ φ(s). Showing that
φ(s) = Ix. Thus,φ[CR] ⊆ η[X] andη−1φ = δS .

5 Admissible representations

5.1 Notions of Admissibility

We will here consider some of the notions of admissibility considered for (TTE
and domain) representations. We will often restrict our attention to domain repre-
sentations that are limited in size in the sense that the set of compact elements have
bounded cardinality.

20



The classical notion of admissibility in TTE is the following notion due to
Weihrauch [34].

Definition 5.1. Let X be a second countableT0 space. A domain representation
D ∈ DRepω(X) is W-admissibleif D is continuously equivalent to a CW domain
representation ofX.

The original definition of Weihrauch is formulated in the less general setting
of representations inCRep(X), but immediately generalises to the superclass
DRepω(X).

The notion of W-admissibility only applies to spaces that have CW domain
representations and these are the second countableT0 spaces. Schröder [23] con-
siders an extended notion of admissibility that includes some spaces that are not
second countable.

Definition 5.2. A Cantor domain representation(C, CR, ρ) of X is S-admissibleif
any continuous partial functionǫ : Σω ⇀ X factors throughD, i.e., if there exists
φ : Σω ⇀ Σω such thatǫ = ρφ ondom ǫ.

Note, thatǫ in the definition is not assumed to be ontoX.
Hamrin [18] generalised the above notion of admissibility to domain represen-

tations.

Definition 5.3. (i) A domain representationD is κ-admissibleif for each κ-
based domainE with dense totalityER and for each continuous function
ǫ : ER → X there exists a continuous function̄ǫ : E → D such that
ǫ(x) = ρǭ(x) for all x ∈ ER.

(ii) A domain representation isH-admissibleif it is κ-admissible for allκ.

As for S-admissibility, note that the functionǫ in the definition above is not
assumed to be a representation function, in particular, it need not be onto.

5.2 Admissibility as Universality

We will see here that the notions of admissibility due to Schröder and Hamrin are
all notions of universality in the appropriate spectrum. Recall also that universality
can be seen as being a terminal object in the appropriate category as observed in
Section 3.1.

W-admissibility is not intrinsically a universality notion as it is defined differ-
ently, but W-admissible representations are universal inSpec(X,CRep(X),≤c)
as they are continuously equivalent to universal CW domain representations.

The other notions of admissibility are nearly formulated asuniversality con-
ditions already, but there is a small difference in that universality requires just
representations to factor through the universal representation, but admissible rep-
resentations require that all continuous maps to the space should factor through the
representation (these continuous maps could be viewed aspartial representations
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of the space). Thus, we have something to prove for each of theadmissibility no-
tions considered. The essential step in these proofs is a disjoint sum construction.

Proposition 5.4. A domain representation(D,DR, ρ) in DRepD
κ (X) isκ-admissible

if, and only if, it is universal inDRepD
κ (X).

Proof. (⇒): All domain representations inDRepD
κ reduces to aκ-admissible

representationD by definition ofκ-admissibility, soD is universal.
(⇐): Let E aκ-based domain with a dense totalityER. We need to show that

any continuousǫ : ER → X factors throughD.
ConstructF = E ⊕ D, the disjoint union ofE andD. Clearly,F is κ-based.

The totalityFR = ER ∪ DR is dense. DefineρF : FR → X by

ρF (f) =

{

ǫ(f), if f ∈ ER;
ρD(f), otherwise.

Continuity ofρF follows from the continuity ofǫ andρD on the disjoint spacesER

andDR. Thus,(F,FR, ρF ) is a denseκ-based domain representation ofX. Since
D is universal there exists a continuousφ : F → D representing the identity on
X.

Let ι : E → F be the continuous embedding ofE into F . Let ǭ = φι : E →
D. By construction we haveρD ǭ = ρDφι = ǫ showing thatǫ factors through
D.

Proposition 5.5. A domain representation(D,DR, ρ) in DRepD(X) is H-admissible
if, and only if, it is universal inDRepD(X).

Proof. Idem as above without cardinality considerations.

Proposition 5.6. A Cantor domain representation(C, CR, ρ) is S-admissible if, and
only if, it is universal inCRep(X).

Proof. Assume without loss of generality that the underlying alphabet of Cantor
spaces contains the symbols0 and 1. The disjoint sum of two Cantor domain
representations(C, CR

i , ρi), i = 0, 1 is the Cantor domain representation(C, CR, ρ)
where

CR = {0u : u ∈ CR
0 } ∪ {1u : u ∈ CR

1 } ,

and

ρ(u) =

{

ρ0(v), if u = 0v;
ρ1(v), if u = 1v .

The rest of the proof is identical to the proofs above.

It is known that W-admissibility implies S-admissibility within CRep, and
trivially we have that H-admissibility impliesκ-admissibility for anyκ.

By characterisation results of Schröder [23, Theorem 13] and Hamrin [18, The-
orem 6.8] we have that spaces have S-admissible representations if, and only if,
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they haveω-admissible representations. We would like to relate S-admissibility
andω-admissibility directly using reductions, which would be easy if we had a nat-
ural class of domain representations that contains bothCRep andDRepD

ω . The
obvious choice would beDRepω, but representations universal inDRepD

ω (X)
need not be universal in the superclassDRepω(X).

6 Representations of the reals

Here we will look at three different representations of realnumbers. The first is
the customary interval domain, the second is a substructureof the interval domain
that allow for more efficient computations, and the third corresponds to binary
expansion of the reals.

Let R be the ideal completion of all closed rational intervals together with the
real line ordered by reverse inclusion. The representing elementsRR of this do-
main are all ideals that have singleton intersections; a representing ideal is mapped
by ρR to the single element of its intersection. DefineηR by

ηR(x) = {[a, b] : a < x < b, a, b ∈ Q} .

Lemma 6.1. (R,RR, ρR, ηR) is an admissible representation of the reals.

Proof. A standard proof shows that the representation is a dense retract domain
representation.

In [8] centred dyadic approximations are considered for efficient implementa-
tions of exact real arithmetic. These form an interesting substructure of the interval
domain.

Definition 6.2. A centred dyadic intervalis represented by a triple(m, e, s) of the
form

a = (m ± e)2−s ,

where themantissam and theexponents are integers, and theerror term e is a
natural number. A realx is approximatedby a if

|x − m2−s| ≤ e2−s ,

or equivalently,
x ∈ [(m − e)2−s, (m + e)2−s] .

Fix j > 0. A centred dyadicj-approximationis a centred dyadic interval where
the error term is strictly bounded by2j.

We will assume thatj is fixed throughout and we will simply writecentred
dyadic approximation.

LetRcda be the ideal completion of all centred dyadic approximations together
with the real line ordered by reverse inclusion. Representing elementsRR

cda are
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again ideals with singleton intersection and the representing functionρRcda
is de-

fined as before.
It is shown in [8, Lemma 3.7] thatRcda is not a domain, but that it is a bifinite

domain (or SFP-domain). Nevertheless we will show that withrespect to reducibil-
ity Rcda is equivalent to the interval domain. The following lemma shows that even
though finite suprema does not exist in general inRcda there is a sufficiently rich
substructure ofRcda where finite suprema exist.

Lemma 6.3. Within the substructure of all centred dyadic 1-approximations finite
suprema exist.

Proof. It is sufficient to show that the supremum ofa = (m ± 1)2−s and b =
(n±1)2−t is a centred dyadic 1-approximation. Assume without loss ofgenerality
thatt ≥ s.

If the distance between the centre points ofa andb, that ism2−s andn2−t, is
less than the radius ofa, that is2−s, then the centre ofb must be at least2−t away
from boundary ofa, meaning thatb is contained ina, sob is the supremum.

The remaining case is that the centre ofb is on the boundary ofa. Assume that
the centre ofb is the upper end-point ofa, i.e.,n2−t = (m+1)2−s. The supremum
of a andb is ((2n − 1) ± 1)2−t−1.

Theorem 6.4. The representationsR andRcda are equivalent.

Proof. The inclusion map fromRcda to R represents the identity on the real line
soRcda reduces toR.

For the other direction defineφ on compacts by

φ([a, b]) =
⊔

1

{(m ± 1)2−s : [a, b] ⊆ (m ± 1)2−s, 2−s ≤ |b − a|} ,

if a 6= b and by

φ([a, a]) =
⊔

{(m ± 1)2−s : a is approximated by(m ± 1)2−s} ,

otherwise. The
⊔

1 in the former equation gives finite suprema in the substructure
of centred dyadic 1-approximations. Note that the supremumis taken over a finite
set because there can only be finitely many 1-approximationscontaining the inter-
val when the radii of the 1-approximations are bounded. The second supremum is
taken over a directed set.

Extendφ to a continuous function. Thenφ represents the identity on the real
line. Thus,R reduces toRcda.

Restricting the interval domainR to the unit interval gives an admissible rep-
resentation of the unit interval which we denote byR[0,1].

We will construct a representation corresponding to binaryexpansion. For sim-
plicity we restrict ourselves to the unit interval. Let the compact elements be finite
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binary expansions, and letD[0,1] be the ideal completion over the prefix ordering
of finite binary expansions. A maximal element of the domain corresponds to an
infinite binary expansion. LetρD : D[0,1] → R be the mapping of an infinite binary
expansion into the corresponding real number. Note that anyinterior dyadic point
will have two representations in the domain, for example,1

2 is represented by both
.0111 . . . and .1000 . . .. The domainD[0,1] is a dense representation of the unit
interval.

Construct a monotone mapφ from compact elements ofD[0,1] (that is, finite
binary expansions) toR[0,1] by mapping.b1 . . . bn to the interval

[

a

2n
,
a + 1

2n

]

,

wherea is the integer numberb1 . . . bn. Extendφ to a continuous functionφ :
D[0,1] → R[0,1]. The functionφ induces the identity on the unit interval soD[0,1]

reduces toR[0,1].

Lemma 6.5. The representationR[0,1] does not reduce toD[0,1].

Proof. Assume thatR[0,1] reduces toD[0,1]. Then by Lemma 3.11D[0,1] would
be a retract representation. Consider where the embedding would send1

2 . If the
embedding of12 is to .0111 . . . then the preimage of the basic open set↑.0 is the
non-open interval[0, 1

2 ]. If 1
2 instead is embedded into.1000 . . . then the pre-image

of ↑.1 is the non-open interval[12 , 1]. This contradicts the existence of a continuous
embedding, and hence, thatD[0,1] is a retract representation. Thus,R[0,1] does not
reduce toD[0,1].

Indeed,D[0,1] is not an admissible domain representation nor is its correspond-
ing TTE representation S-admissible.

We also know that representing the reals by binary expansions is not an ap-
propriate choice when considering computability of operations on the domain. It
is well-known that neither addition nor multiplication is computable on binary ex-
pansions of real numbers.

Example 6.6. Consider computing addition on infinite binary expansions.The
sum of 1

3 = 0.010101 . . . and 1
6 = 0.0010101 . . . is 1

2 . However, for whatever
finite amount of the inputs that is inspected even the first bitafter the binary point
of the output is not determined. Thus, we cannot effectivelycompute addition.

Theorem 6.7. The cardinality ofSpec(R,DRep(R),≤c) is infinite.

Proof. Let b ≥ 2 be a base. LetDb be the domain representation of the reals using
baseb expansions of the reals. Letp be a prime such thatp does not divideb. Then
the fraction1

p
has an infinite expansion in baseb. There is no continuous reduction

of Db to Dp since any finite prefix of the expansion of1
p

in Db is not enough to
determine if it should be sent to.0 . . . or .1 . . . in Dp. The result follows as there
are infinitely many prime numbers.
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As the proof shows, there are infinitely many non-equivalentcountably based
domain representations of the reals.
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