
CS 242: Algorithms Exercise 1 (Solutions)A. (a) False.
f(n) + g(n) = Ω

(min(f(n), g(n))
), sin
e f(n) + g(n) ≥ min(f(n), g(n)).However, if we take f(n) = n and g(n) = n2, then f(n) + g(n) = n + n2 andmin(

f(n), g(n)
)

= n. But there is no positive 
onstant c su
h that n + n2 ≤ cnfor arbitrarily large n. (Given c, n + n2 ≤ cn implies that n ≤ c − 1.) Hen
e
f(n) + g(n) 6= O(min(f(n), g(n))

), so f(n) + g(n) 6= Θ
(min(f(n), g(n))

).(b) True.We need to �nd positive 
onstants c1, c2 and n0 su
h that
c1

(max(f(n), g(n))
)

≤ f(n) + g(n) ≤ c2

(max(f(n), g(n))
)for all n ≥ n0.The �rst inequality 
learly holds with c1 = 1 (and n0 = 1), and the se
ond in-equality 
learly holds with c2 = 2 (and n0 = 1).Hen
e the 
onstants we seek are c1 = 1, c2 = 2, and n0 = 1.B. (a) T(n) = 1 + T(n−2) = 2 + T(n−4) = 3 + T(n−6) = · · ·

= ⌊n/2⌋ + T(n−2 ⌊n/2⌋) =

{

⌊n/2⌋ + T(0), if n is even;
⌊n/2⌋ + T(1), if n is odd.Hen
e T(n) = Θ(n).(b) By the Master Theorem with a = 9, b = 4 and c = 2(
ase 3 with c = 2 > log4 9 = logb a), T(n) = Θ(n2).(
) By the Master Theorem with a = 3, b = 2 and c = 1(
ase 1 with c = 1 < log2 3 = logb a), T(n) = Θ(nlog2 3).



C. (a) We 
an prove that TriSort(A, i, j) 
orre
tly sorts the subarray A[i..j] by indu
tionon j−i.If j−i<1 then there is nothing to do, and the algorithm does nothing.If j−i = 1, then the if-statement on line 1 ensures that the two values in thesubarray are properly ordered.For the indu
tion step, assume that TriSort 
orre
tly sorts subarrays of length
< j−i. The e�e
t of the three re
ursive 
alls are as follows:� After TriSort(A, i, j−k), all elements in the �rst two-thirds of the subarraythat belong in the last one-third of the subarray will have been moved to themiddle one-third of the subarray.� After TriSort(A, i+k, j), all elements that belong in the last one-third of thesubarray will have been moved to their 
orre
t positions in the last one-thirdof the subarray.� After TriSort(A, i, j−k), all remaining elements will have been moved to their
orre
t positions.(b) The time 
omplexity of TriSort is 
aptured by the re
urren
e

T(n) = 3T(2n/3) + Θ(1).By the Master Theorem (
ase 1, with a = 3, b = 3/2 and c = 0), the asymptoti
worst-
ase running time of TriSort is
T(n) = Θ

(

nlog3/2 3
)

≈ Θ(n2.71).This is a parti
ularly bad sorting algorithm, as it is asymptoti
ally worse than theworst-
ase running time of Θ(n2) for InsertionSort, and the worst-
ase runningtime of Θ(n lgn) for MergeSort.
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