
A Circuit Complexity Approach to
Transductions?

Michaël Cadilhac1, Andreas Krebs1, Michael Ludwig1, and Charles Paperman2

1 Wilhelm Schickard Institut, Universität Tübingen
2 University of Warsaw

Abstract. We investigate the deterministic rational transductions com-
putable by constant-depth, polysize circuits. To this end, we first pro-
pose a framework of independent interest to express functions of variable
output length using circuits, and argue for its pertinence. We then pro-
vide a general characterization of the set of transductions realizable by
such circuits, relying on a notion of continuity. We deduce that it is
decidable whether a transduction is definable in AC0 and, assuming a
well-established conjecture, the same for ACC0.

Automata provide for an elegant and intuitive way to express regular languages,
and even their intrinsic sequentiality is no obstacle to implementation, as they
admit efficient parallelization. The connections between the theory of regular
languages and that of circuits were first unveiled in the 1960s—it is now folklore
that any regular language admits a (highly uniform) family of logdepth, polysize,
and constant fan-in circuits. The natural further steps taken up by McNaughton
and Papert [8], and then by Barrington et al. [3] led to the characterization of the
regular languages in the class AC0 of constant-depth, polysize, unbounded fan-in
circuits using a decidable invariant. The property therein deviates sharply from
the prevailing line of work at the time, which relied on the study of the syntactic
monoid of regular languages. It was indeed known from the lower bound of
Furst, Saxe and Sipser [6] that the language PARITY = {w ∈ {0, 1}∗ | |w|1 ≡ 0
mod 2} is not in AC0, while the language EVEN of even-length words over {0, 1},
which has the same syntactic monoid, does belong to AC0. Hence the class of
regular languages in AC0 does not admit a characterization solely in terms of
the syntactic monoid.

We propose to take this study to the functional case, that is, to characterize
the functions realized by rational transducers that are expressible by an AC0

circuit family. Similarly to the context at the time of [3], we face a situation
where, to the best of our knowledge, most characterizations focused on algebraic
properties that would blur the line between PARITY and EVEN. This is the case,
e.g., for the characterization of functional aperiodic nondeterministic transducers
by FO-translations [7].
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We rely on a property we abusively call continuity for a class V, as borrowed
from the field of topology: a transduction is V-continuous if it preserves V by
inverse image. It is well known that any transduction τ is continuous for the reg-
ular languages; together with an additional property on the output length of τ ,
this even characterizes deterministic transductions [5]. Namely, with d(u, v) =
|u| + |v| − |u ∧ v|, where u ∧ v is the largest common prefix of u and v, the
latter property is that d(τ(u), τ(v)) ≤ k × d(u, v), a strong form of uniform
continuity. Continuity thus appears as a natural invariant when characterizing
transductions—the forward behaviors of τ , that is, its images, are less relevant,
as any NP problem is the image of Σ∗ under an AC0 function [4].

Our contributions are three-fold:
– We propose a model of circuits that allows for functions of unrestricted

output length: as opposed to previous models, e.g., [11], we do not impose
the existence of a mapping between the input and output lengths.

– Relying on this model, we characterize the deterministic rational trans-
ductions in AC0(V)—that is, AC0 with gates for the languages in a well-
structured class V. Our characterization relies for one part on algebraic ob-
jects similar to the ones used in [3], through the use of the modern framework
of lm-varieties [10]. For the other part, we rely on the notion of continuity.
This bears a striking resemblance to the characterization of Reutenaeur and
Schützenberger [9] of the transductions with a group as transition monoid.

– Our characterization then leads to the decidability of the membership of a
deterministic rational transduction in AC0 or in ACC0. The procedure is
effective, in the sense that an appropriate circuit can be produced realizing
the transduction.

1 Circuit frameworks for variable-length functions

In the literature, most of the work on functions computed by circuits focus on
variants of the class FAC0 (see, e.g., [1]). In these, multiple (ordered) output gates
are provided, and there is thus an implicit mapping from input length to output
length. Towards circumventing this limitation, we propose a few different frame-
works, and establish some formal shortcomings in order to legitimize our final
choice. Our main consideration is that a function defined using a constant-depth,
polysize circuit family of some kind should be AC0-continuous—this corresponds
to a simple composition of the circuits. In particular, any FAC0 function is read-
ily seen to be AC0-continuous.

Recent research on the circuit complexity of variable-length functions [2] sim-
ply disregard this issue by allowing for a mechanism of deactivation of outputs.
When considering expressive enough circuit models (e.g., NC1), this is of no con-
cern: the deactivated gates can be arbitrary moved to the end of the output, so
that the output is presented in a natural way. However, lower complexity classes,
such as AC0, are not able to perform such a sorting. More precisely, we show:

Proposition 1. There is a transduction expressible as a constant-depth, polysize
family of deactivating circuits which is not AC0-continuous.



Another natural approach is to give (u, v) in input to the circuit, and have
the circuit output 1 iff v = f(u). We also show that such a definition would not
respect AC0-continuity. We are thus led to introduce:

Definition 1 (Functional circuits). A function τ : Σ∗ → T ∗ is expressed as a
circuit family (Cn

m)n,m≥0, where Cn
m is a circuit with n inputs and m+1 outputs,

if:
(∀u, v ∈ Σ∗) τ(u) = v ⇔ C

|u|
|v| (u) = (v, 1) .

The size of the family is the mapping from N to N ∪ {∞}, defined by n 7→
supm≥0 |Cn

m|. Similarly, the depth of the family is the mapping that associates n
to the supremum of the depths of each Cn

m. The class FAC0
v, standing for func-

tions in AC0 with variable output length, is the class of functions express-
ible as a family of constant-depth, polysize circuits. The class FAC0

v(V) de-
notes such circuits with gates for the languages in the class V, and we let
FACC0

v = FAC0
v(MOD) for MOD the modulo gates.

2 The transductions in FAC0
v(V)

In sharp contrast with the work of Reutenaeur and Schützenberger [9], we are
especially interested in the shape of the outputs of the transduction. It turns out
that most of its complexity is given by the following output-length function. Let
MinT(τ), for a transduction τ , be a minimal transducer for τ .

Definition 2 (τ#). Let τ be a transduction. The function τ# : Σ∗ → N is the
output-length function of MinT(τ) with all the states deemed final. In other words,
τ#(s) is the length of the output produced while reading w from the initial state
in MinT(τ).

Further, we say that a transducer is V-all-definable, for a class V of languages,
if for all of its states q, the language of the underlying automaton with q as the
only final state is in V. We show that this language-theoretic concept is equivalent
in some precise way to the modern framework of lm-varieties [10]. This enables
a study that stands in the algebraic tradition with no appeal to its tools. We
can then state:

Theorem 1. Let τ be a transduction and V be such that AC0(V) ∩ REG = V.
The following constitutes a chain of implications:
(i) τ ∈ FAC0

v(V);
(ii) τ is AC0(V)-continuous;
(iii) τ is V-continuous;
(iv) MinT(τ) is V-all-definable.
Moreover, if τ# ∈ FAC0

v(V) then (iv) implies (i). Somewhat conversely, (i) im-
plies τ# ∈ FAC0

v(V).

In the case of FAC0
v and FACC0

v, we are able to express Theorem 1 using a
syntactical restriction on the transducer for τ :



Definition 3 (Constant ratio). A transducer has constant ratio if every two
words of the same length looping on a state produce outputs of the same length
from this state. In symbols, for any state q and any words u, v of the same length,
δ(q, u) = δ(q, v) = q implies |ν(q, u)| = |ν(q, v)|.

Writing QA and Msol for the regular languages in AC0 and ACC0, respec-
tively, we can then state:

Corollary 1. Let τ be a transduction. The following are equivalent, where the
the “resp.” part assumes ACC0 6= TC0:
(i) τ ∈ FAC0

v (resp. ∈ FACC0
v);

(ii) τ is continuous for AC0 (resp. for ACC0) and MinT(τ) has constant ratio;
(iii) τ is continuous for QA (resp. forMsol) and MinT(τ) has constant ratio;
(iv) MinT(τ) is all-definable for QA (resp. forMsol) and has constant ratio.

Moreover, the latter property can be tested effectively, hence:

Theorem 2. It is decidable whether a transducer realizes an FAC0
v function.

If it does, then a circuit family can be constructed. The same holds for FACC0
v

assuming ACC0 6= TC0.
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